This version is available at https://strathprints.strath.ac.uk/62769/ Strathprints is designed to allow users to access the research output of the University of Strathclyde. Unless otherwise explicitly stated on the manuscript, Copyright © and Moral Rights for the papers on this site are retained by the individual authors and/or other copyright owners. Please check the manuscript for details of any other licences that may have been applied. You may not engage in further distribution of the material for any profitmaking activities or any commercial gain. You may freely distribute both the url (https://strathprints.strath.ac.uk/) and the content of this paper for research or private study, educational, or not-for-profit purposes without prior permission or charge.
I. INTRODUCTION
Surface acoustic waves (SAWs) can be used to actuate liquids and produce ultrasonic radiation forces, so enabling a wide variety of phenomena, including the sorting of particles or cells based upon their physical properties, 1 the nebulisation of droplets as a potential drug delivery platform, 2 the use of acoustic streaming to drive efficient fluid mixing in droplets, 3 and the actuation of fluid flows through microfluidic networks as an efficient alternative to "bulky" hydrodynamic pumps. 4, 5 However, despite the large number of such studies of SAWs within microfluidic devices, the dependency of the induced fluid streaming on the applied acoustic frequency and the geometry of the microsystems used is still not fully understood.
In many areas of application, [1] [2] [3] [4] [5] there is a requirement to create strong streaming with high flow velocities which in itself can lead to practical limitations in both maintaining the integrity of devices 6 and in the amount of power required to drive the acoustic transducers (before undesired local heating effects appear). One motivation therefore for optimising streaming is to generate higher velocity flows for a given power, [7] [8] [9] [10] by quantitatively exploring the dependence of fluid flow on SAW frequency.
The concept of optimising the steady fluid velocity created from oscillating acoustic waves through acoustic streaming was first shown in a theoretical scaling analysis 11 while studying the propagation of a plane longitudinal wave through a cylindrical pipe. The authors demonstrated that the average a) Present address: Department of Electronic and Electrical Engineering, University of Strathclyde, Royal College Building, 204 George St., Glasgow G1 1XW, United Kingdom.
bulk streaming velocity scales exponentially with the frequency when the radius of the pipe was smaller than the acoustic wavelength. Although similar scaling arguments should exist for streaming generated by SAWs, the translation of this analysis into practical applications has been limited. Specifically, when a SAW refracts into a fluid, the acoustic field generated is asymmetric, which introduces more complexity than when the field is generated by a plane bulk acoustic wave, rendering accurate predictions more difficult. Studies on SAW-induced streaming in sessile droplets have provided methods for modelling the distribution of the acoustic field within the fluid, by considering the attenuation length of the SAW beam as a scaling parameter. 12, 13 This approach however ignores the effect of the viscous attenuation due to the fluid, preventing close agreement with the experimental evidence. A more accurate description of the scaling laws governing the SAW-induced streaming in microfluidic channels 10, 14 gives an expression for the acoustic pressure field based on both the viscous damping of the fluid itself and the damping of the SAW by the fluid.
In the context of typical microfluidic structures, these expressions translate to the physical constraints of the geometry on the body of the liquid, such as the height of microchannels. When a channel is smaller than the attenuation length of the SAW, the magnitude of streaming flows is significantly decreased. Recent advances have taken the so-called "anechoic corner" into account and shown good agreement between simulation and experiment, 15, 16 but only over a limited range of frequencies, preventing the generation of significant insight into the interplay between acoustic frequency and streaming efficiency.
The effect of frequency on SAW streaming in fluids has also been investigated without explicit derivation of the acoustic field and showed good agreement with a streaming model within large volumes. 17 However, the conclusions do not extend to microfluidic systems, where the length scales are often many times smaller than the attenuation length of the acoustic beam. Moreover, the effect of frequency on SAWinduced flows used for mixing different fluids in droplets has led to the scaling argument that higher frequencies are able to drive faster mixing in small droplets. 18 In this work, we expand upon the approaches for modelling the acoustic field in microfluidics channels 10, 14, 15 and build a simple expression of the body force, taking into account the anechoic corner as well as the damping coefficients of both the SAW and the viscous damping of the fluid. We demonstrate, for the first time, how these expressions can be used to fully analyse the scaling of SAW-induced acoustic streaming with the acoustic frequency.
We adopt this expression to predict SAW streaming in a fluid using a finite element model and we quantitatively validate it by comparing the simulation results with microparticle imaging velocimetry (µPIV) measurements of streaming in a chamber across a range of frequencies. This allows us to provide a predictive tool by which to design acoustofluidic devices, by determining the optimum frequency for driving streaming in different microfluidic volumes. Contrary to the iterative approaches currently used during the design of many SAW-based microfluidic devices, we demonstrate that the frequency should be tailored to the length scale of the microfluidic device and that frequencies >500 MHz, i.e., outside of the usual used range (1-10 MHz), will drive the fastest streaming for microfluidic length scales ranging from 10 to 100 µm.
II. THEORY
Full numerical simulations to model acoustic fields in both the fluid and solid domains together with the resulting acoustic streaming have previously been reported. 18, 19 These provide physically accurate models, but at the expense of high complexity and high computational demands, preventing more useful parametric studies to explore this design space. Consequently, partial methods have been developed, where an analytical approximation for the acoustic field in the fluid due to the SAW can be derived to calculate the body force using Nyborg's streaming equations. In a further iteration, the body force has been used to calculate streaming numerically. 13, 14 We now provide a new explicit expression of the body force generated by the SAW-induced acoustic field, enabling a generic predictive framework to optimise the frequency dependent magnitude of streaming flows. We derive an expression for this body force, F b , using a method of successive approximations to solve the Navier Stokes equation, 20 which we subsequently use to calculate the resulting steady state streaming in a fluid,
where u is the velocity field in the fluid due to the acoustic oscillatory motion and ρ f is the fluid density. It is worth noting that this theoretical framework makes assumptions that limit its application to slow fluid streaming, i.e., Re < 1 and |u| > ξ , where the Reynolds number is defined as Re = ρ ξ l/µ, with ξ as the static streaming velocity and l as the microfluidics' characteristic length scale. 21
III. ACOUSTIC FIELDS IN FLUIDS DUE TO RAYLEIGH ACOUSTIC WAVES
When a SAW such as a Rayleigh wave is generated on a solid substrate, it propagates along the surface as an elliptically polarized wave, with the displacement amplitude decaying into the substrate. Upon reaching a fluid such as a droplet or a fluidic stream placed on its path, the SAW amplitude is exponentially damped, propagating as a "leaky surface wave" at the fluid/substrate interface due to the generation of a compression wave in the fluid. This compression wave itself propagates at the Rayleigh angle, 22 
, where v f is the propagation velocity of the compression wave in the fluid and v SAW is the propagation velocity of the Rayleigh wave on the substrate.
In order to derive an expression of the SAW-induced body force within the fluid, we consider the acoustic energy loss along a specific two-dimensional path to reach a point P in the fluid (as a cross section of the volume). The path is drawn as a sum of a distance S in the direction of SAW propagation at the solid/liquid interface and a distance D longitudinal to the wave propagation at the Rayleigh angle, 10 as shown schematically in Fig. 1(a) . The total attenuation through that path is e −Dα f e −sα SAW , where
is the attenuation of a plane wave in a viscous fluid,
is the attenuation of a fluid-damped Rayleigh SAW, 17 ρ f and ρ s are the fluid and substrate densities, respectively, λ SAW is the SAW wavelength, ω is the angular frequency, and b = 4 3 µ + µ ′ , where µ ′ is the bulk viscosity. Accordingly, the velocity field in 2 dimensions is written as
where k y = k sin(θ R ) and k z = k cos(θ R ) are wavenumbers in y and z with k = (2πf )/v f . Here we take into consideration the whole volume of the fluid, including microstructures [such as an anechoic corner, shown in Fig. 1(a) ], enabling us to build an accurate description of an acoustically pumped microfluidic system. 15 We do not consider the reflections off the walls of the microchannels (which are most often made of elastomeric materials with a low acoustic impedance, and which do not generate significant reflections). It is important to note that, where other materials are used in the construction of the microfluidic network (such as glass or silicon, for example), the contribution of such reflections will be significant and will need to be considered systematically.
The anechoic corner produced by the angled path of the sound beam can be further defined by specifying that u y and u z = 0 when z > y/(tan(θ R )). The body force on the fluid due to the sound field can then be calculated by replacing the full expressions of u y and u z into the body force equation
where
This analytical expression for the acoustic field was explored using a COMSOL simulation of the pressure field in a 2D rectangular fluid domain due a leaky SAW propagating vibrations along the bottom boundary. A comparison between the finite element simulation and the analytical expression for a 342 MHz SAW vibration is shown in Figs. 1(b) and 1(c) (results for 43 MHz and 87 MHz are also shown in Fig. S2 of the supplementary material).
IV. EXPERIMENTAL SECTION
Simulations in Comsol Multiphysics 3.5a (acoustic module) were compared with experimental measurements of SAW streaming in microfluidic chambers, measured with µPIV. The microchamber [ Fig. S1(a) of the supplementary material] was made using the elastomeric polymer poly(dimethyl)siloxane (PDMS), fabricated using standard soft lithographic methods with dimensions 0.4 × 0.4 × 0.15 mm (XYZ). An associated microfluidic channel network was moulded on the surface of the substrate in the path of the SAW. The SAW was generated on a piezoelectric Y-cut lithium niobate substrate by applying an alternating electric field to an inter-digitated transducer (IDT). The width of each finger of the IDTs and the distance between each finger were equal. Each IDT consisted of 40 pairs of fingers, and aperture and finger widths were, respectively, 2 mm and 2.5 µm for 342 MHz, 6 mm and 10 µm for 87 MHz, and 6 mm and 20 µm for 43 MHz, respectively. A quarter wavelength reflector was also included behind the IDTs to partially reflect back some of the lost wave energy. 23 The IDTs were fabricated using standard photolithography, metal evaporation, and lift-off to produce microelectrodes with 10 nm of Ti (as an adhesion layer) capped with 100 nm of Au, as previously described. 24 To minimize the damping from the elastomeric polymer and also to control the position of the SAW beam in the chamber, a further "beam tunnel" was included into the channel network design [see Figs. S1(a) and S1(b) of the supplementary material] with a thin (100 µm) PDMS wall, minimizing the energy losses. By designing the width and position of the tunnel relative to the fluid filled channels, the SAW beam could be spatially positioned within the chamber, allowing the control of the direction and shape of the induced fluid streaming. This was used to create a stable anticlockwise vortex in the chamber, measured with µPIV, using 1 µm diameter fluorescent polystyrene beads as tracers within the fluid flow (in this case, water). A 10× objective lens focused a laser pulse onto a plane perpendicular to the z direction in the chamber (see the supplementary material for details).
Scanning laser Doppler vibrometry (UHF-120 Ultra High Frequency Vibrometer, Polytec GmbH) was used to measure the amplitude of the vertical displacement in the SAW beam and avoid any discrepancies that might arise when using the exciting rf power. In particular, we used these measurements to relate the observed liquid streaming to the amplitude of the SAW beam in the chamber (the beam amplitude was found to approximate a Gaussian or double Gaussian distribution in x, depending on frequency, Fig. 2 ). This information was incorporated into the simulation by expressing the amplitude in the body force as a function of x. 
V. RESULTS AND DISCUSSION
We validated the accuracy of the new model by comparing simulations with µPIV measurements at different heights in the microchannel. At h = 25 µm (Fig. 3) , the body force due to the SAW pushes the fluid up through the chamber. At h = 50 µm and h = 75 µm, there is an anti-clockwise flow in the chamber due to the unbalanced body force, which only exists in the right-hand side of the chamber (see Figs. S4 and S5 of the supplementary material).
Higher frequency SAW beams generated faster streaming, with the average streaming magnitude over the whole chamber for the 342 MHz beam being more than an order of magnitude greater than for 43 MHz. The experimental measurements are in close quantitative agreement with the simulation results, as shown in Fig. 4 .
The good agreement with experimental data allowed us to explore the model as a design tool, linking microfluidic channel dimensions with frequencies and streaming efficiencies. Simulations (Fig. 5) were used to explore the geometrical parameter space and allowed us to choose the most suitable conditions for a specific application, depending on SAW streaming. Results show a strong dependency of the streaming magnitude as a function of the SAW frequency; with frequencies between 270 and 374 MHz driving the fastest streaming in the case of a microchannel having dimensions of 0.4 × 0.3 × 0.3 mm (XYZ). Hence, this new implementation provides the opportunity of predicting an "optimum" frequency to drive SAW streaming in a given microfluidic chamber.
When l > 1/α SAW , the SAW attenuates completely before reaching the end of the chamber. In this case, the optimum frequency, F max , was determined by considering three factors: the dimensions of the chamber (relating to the compressional wave); the power radiated into the fluid; as well as the viscous and inertial losses. At higher frequencies, the beam attenuates faster into the fluid so that more energy is transferred to it, whereas, at lower frequencies a proportion of the energy available for streaming is lost mainly due to refraction through the roof and sidewalls of the chamber. 
FIG. 4. (a)
Simulation results of streaming velocities as a function of the magnitude of SAW velocity at a chamber height of 75 µm (averaged over the whole chamber, with the standard deviation shown as an error bar). For equal amplitude particle velocities, the higher frequency SAW beams generated the fastest average streaming (dark to light: 342, 87, and 43 MHz). (b) Average measured streaming velocity for all chamber heights and frequencies studied, normalised to SAW amplitude velocity, u 2
z(z=0,x=0)
. Each experimental data set was divided by a factor C(h, f) determined by fitting each simulation curve to
) . This allows an immediate comparison of the agreement of all the measurements with the theoretical prediction. The colour scale is the same as in (a).
On the other hand, the power radiated by the SAW into the fluid compressional wave is inversely proportional to frequency: 17
Where l is the length of the chamber, w is the width of the SAW beam and η 0 is the initial velocity amplitude of the SAW. The viscous and inertial effects also depend on frequency: at lower frequencies inertia is negligible and the fluid velocity scales with f 2 , as described in the classical equations first derived by Nyborg; 20 whereas, at higher frequencies the streaming flows are better described as a StuartLighthill type streaming jet. 25 In this regime, the fluid inertia becomes significant and the fluid velocity no longer scales with f 2 . These factors enable an interpretation of the behaviour observed in Fig. 5 , where, at low frequencies, the acoustic beam is longer than the path to the chamber roof (h < α −1 f cos (θ R )) and the process is governed by the height of the chamber. As frequency increases, the length of the beam decreases, providing more energy into the fluid to drive streaming. When the acoustic beam becomes much shorter than the height of the chamber, the streaming velocity decreases due to the onset of streaming jet-like behaviour.
The same concept can be applied to the other dimensions of the chamber. For example, when l < 1/α SAW , a fraction of the acoustic energy is lost to the back end of the chamber, thus decreasing the total power radiated into the fluid. This shifts the optimum frequency towards It is useful to note also that, at low frequencies, our results are in agreement with those reported in the literature, 9,17 but differ at high frequencies because of differences in normalisation methods 9 and modelling approaches. 17 In particular, in an unbounded regime, Dentry et al. 17 predicted a constant relationship between frequency and peak streaming velocity for frequencies up to 1 GHz, which is in contrast with our simulation results that show a decrease in peak streaming velocity (Fig. 5 , confirmed also for unbounded cases in Fig. S6 of the supplementary material). We attribute these differences to the onset of inertial losses in the fluid at high frequencies, which are not taken into account by Dentry et al. when using the laminar jet model. Our understanding is supported by the work of Eisener et al., 25 in which they observed that by using a "piston-type" acoustic transducer, the peak streaming velocity shows a decreasing trend at frequencies higher than 600 MHz. Moreover, in the case of SAW streaming, an additional f 1 scaling of the power radiated in the fluid [Eq. (4)] imposes a sharper decrease of the peak streaming velocity with increasing frequency.
As an example of how this new understanding can drive the design process, Fig. 6(a) was created by interpolating between 36 simulations over a range of chamber heights and lengths spanning from 0.05 to 0.4 mm, enabling to select the optimum frequency for driving the fastest streaming. In agreement with the previous results, the figure shows that as the dimensions are increased, the optimum frequency to generate fast streaming flows becomes lower. It also shows that the channel height has a more significant impact upon the frequency than the horizontal dimensions, thus providing a clear guide to select specific frequencies for a given geometry. Figure 6 (b) also shows peak streaming velocity generated by the optimum frequency for different chamber dimensions, where smaller chamber dimensions limit the maximum streaming velocity that is achievable.
VI. CONCLUSIONS
We present an expression of the body force exerted on a fluid through its mechanical interaction with a surface acoustic wave. A simulation for the resulting acoustic streaming was constructed by considering the compression wave radiated into the fluid by the SAW and relating this to the classic streaming equations popularised by Nyborg. This was tested experimentally and used to provide a predictive framework for optimising the magnitude of frequency dependent microflows generated by acoustic streaming. We demonstrate the utility of this approach by simulating flows in different microfluidic structures to optimise the acoustic frequency for generating maximum flow rates. We further show a good quantitative agreement with experimental data, allowing us to explore the model's use as a design tool, linking microfluidic channel dimensions with frequencies and streaming efficiencies.
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